Trapped magnetic flux is known to be a significant contribution to the residual resistance of superconducting radio frequency (SRF) cavities. The additional losses depend strongly if the vortices are depinned by the RF. The depinning is affected by the purity of the material, and the size of the pinning centers, as well as the cavity operation frequency. One may define a depinning frequency, above which significant depinning occurs. This publication presents a derivation of the depinning frequency from experimental data. We find a depinning frequency of 673 MHz for RRR 110 niobium. On this basis the currently used model is extended to describe the trapped flux sensitivity as function of residual resistance ratio (RRR) and operation frequency while also accounting for the pinning center size and the treatment history of the cavity. Moreover, the model offers an explanation for the significantly higher trapped flux sensitivity reported for nitrogen doped and 120
I. INTRODUCTION
Particle accelerators operating superconducting radio frequency (SRF) cavities in continuous wave (cw) mode or at high duty cycle require maximum quality factor rather than highest accelerating gradients. It is therefore mandatory to minimize any residual losses and hence trapped magnetic field which is one significant contributor to the residual resistance. While the BCS resistance decreases exponentially with temperature, the residual is temperature independent and becomes easily the dominant contribution at typical operation temperatures between 1.8 K and 2 K.
When an SRF cavity passes through the superconducting transition all ambient magnetic field should be expelled (Meissner effect). If no specific measures are taken, this expulsion is usually not complete and the magnetic flux is pinned at imperfections in the crystal lattice or impurities. These trapped vortices have a normal conducting core and dissipate power when oscillating under the influence of the RF field. Vallet and co-workers proposed a simple model to describe these additional losses due to trapped flux [19] : R TF = 3.6 nΩ/µT f RRR (1) They consider the normal electrons in the core of a flux tube being lossy due to the skin effect which scales with the square root of the frequency f and with the square root of the electrical conductivity which in turn is inversely proportional to the residual resistance ratio RRR. The sensitivity of 3.6 nΩ/µT was derived experimentally using a 1.5 GHz cavity made from RRR 300 material. This simple model holds however only if the trapped vortices actually move under the influence of the RF field.
The displacement of a single flux line can be described as a damped oscillator accounting for the Lorentz force due to a transport current J T , the frictional force and the pinning force [8, 9, 15] :
Here m is the effective mass of the vortex. The contribution from this term can be neglected as the RF period (> 10 −8 s) is much larger than the relaxation time of a vortex τ ∼ m, which was estimated by H. Suhl to be in the order of 10 −12 s [15, 17] . k accounts for the pinning force and depends on the size, geometry and type of the pinning centre.
The flux flow viscosity η is given by the flux quantum Φ 0 divided by the squared speed of light c 2 , the upper critical field H c2 and the electrical resistivity ρ n [16] :
The depinning frequency f 0 is defined as the frequency where 50 % of the pinned vortices are depinned and is given by the ratio of pinning constant and flux flow viscosity [14] :
If the RF frequency is well above the depinning frequency, the majority of trapped vortices are depinned. However, if the superconductor is thicker than the penetration depth λ, as it is the case for SRF cavities, the trapped vortices are only depinned in the RF layer and stay pinned in the bulk. They are then oscillating within the RF layer but cannot move entirely freely or be expelled from the material. This scenario is depicted in Fig. 1 on the left. If the RF frequency is well below the depinning frequency, the pinning is effective and the flux line can only move in between pinning centers as indicated in Fig. 1 on the right. Based on Gittleman and Rosenblum's calculation of the impedance of samples thinner than the penetration depth [9] , we define a depinning efficiency for bulk superconductors to describe how many flux lines are depinned depending on the ratio of RF frequency to depinning frequency and plot it in Figure 2 :
Since ρ n is inversely proportional to the conductivity and therefore to the RRR, the depinning frequency scales with 1/RRR. Considering typical SRF cavities, we can then identify two distinct regimes in Fig. 2: A lower regime where f /f 0 ≪ 1 so that pinning is very efficient and the upper part where f /f 0 ≫ 1 so that all flux lines are depinned. The first can be obtained by the combination of low RF frequency and low RRR (= large f 0 ) as typical for niobium coated cavities. The latter represents the combination of high RF frequency and high RRR (=low f 0 ) as typical for bulk niobium cavities. This could already explain why niobium coated cavities are at least one to two orders of magnitude less sensitive to trapped flux as bulk [4, 23] so that they do not require magnetic shielding [5] . 
For other RRR values the depinning frequency can be scaled via 1/RRR. Figure 3 displays the change of f 0 with RRR. As can be seen, the depinning frequency increases dramatically for low RRR values. For niobium films a RRR of 10 to 20 is typical. The depinning frequency for this range is between 3.7 GHz and 7.4 GHz. This is consistent with niobium film cavities being almost insensitive to trapped flux even at 1.5 GHz [4] . In contrast to the niobium films, the depinning frequency for RRR 300 is 247 MHz. 
III. TRAPPED FLUX SENSITIVITY
In order to describe additional residual resistance due to trapped flux, we account for three aspects: The losses of depinned vortices under the influence of the RF field, the percentage of vortices that get depinned and the total amount of trapped field in the material. The first factor is well described by Vallet and co-workers with dependency on frequency and RRR according to the normal skin effect. The second factor is given be the depinning efficiency as described in Eq. 5 and the depinning frequency can be scaled from Eq. 6. However, not only the RRR defines the depinning frequency but also the size of the pinning center. Larkin and Ovchinnikov [12] discuss pinning of a single vortex parallel to a grain boundary. They conclude that the depinning frequency increases linearly with the thickness of the grain boundary. Flux trapping measurements on bulk niobium samples suggest that grain boundaries are the most severe pinning centers in cavity material [2] . Based on Larkin and Ovchinnikovs calculations, we introduce a relative pinning center size p which is normalized to standard high quality bulk niobium as nowadays used for SRF cavities.
Lastly, the amount of trapped flux has to be estimated. It has been shown that the residual resistance increases linearly with the applied (dc) magnetic field B app up to 6 times the earth magnetic field strength [2, 20] . However, the treatment history and the crystal structure of the material has an influence on how much of the ambient field actually gets trapped [2] . Moreover, recent studies show that acting on the cool down dynamics at the superconducting transition can lead to improved flux expulsion [2, 13, 21] . In the following, we will restrict the discussions to trapped flux measurements where the additional residual resistance due to trapped flux is high enough so that cool down effects can be neglected. Moreover, we restrict ourselves to cavity measurement cooled down in an axial field since it has been recently shown that the direction of the field has also an influence on the trapped flux sensitivity [6] .
The effect of the treatment history and the base material (large grain vs fine grain) are described by a trapping efficiency ε trap and can be taken from [2] for several material and treatment combinations. Folding these three aspects into a trapped flux sensitivity results in Eq. 7 which can be tested against SRF measurements. The corresponding total increase of residual resistance due to trapped flux is then R TF = S TF · B app . Table I lists available trapped flux measurements where the effect of cooling can be neglected and sufficient information about the treatment and the cavity material is reported. Depending on the treatment, a flux trapping efficiency ε trap is assumed based on [2] and listed in Tab. I. It can be seen that Eq. 7 agrees well with the available cavity data for medium and high RRR values. The effect of RRR, frequency and relative pinning center size on the trapped flux sensitivity will be subject in the following sections. Figure 4 shows the trapped flux sensitivity for different cavity frequencies as function of RRR. For high RRR values and low frequency the trapped flux sensitivity is basically constant. For high frequencies however, there is slight decrease with increasing RRR. The measurements on large grain niobium reported in [7] list a RRR of 200 before baking. It can be expected that the baking at 1250
A. The Influence of RRR
• C increased the RRR due to the post-purification process [7] . The prediction can be brought to agreement with the measurement for a RRR value of 320 which ap- pears plausible. Moreover, Fig. 4 reveals an increase of trapped flux sensitivity when going from high RRR to intermediate values and a rapid decrease for very low RRR values. The very strong change in trapped flux sensitivity for low RRR values, especially at high frequency requires therefore information about the surface RRR to make a reliable prediction. It should also be noted that the scaling with f /RRR for the losses as described by Eq. 1 are based on the normal skin effect. For high RRR values the mean free path becomes comparable to the skin depth and the anomalous skin effect has to be applied. In this regime, the losses in the normal conducting core become independent of the RRR and scale with f 2/3 .
B. The Influence of the Pinning Center Size
Figures 5 and 6 plot the trapped flux sensitivity as function of the relative pinning center size p for 400 MHz and 1.3 GHz. The trend for both frequencies is very similar: for high RRR the trapped flux sensitivity depends only slightly on the pinning center size. The dependency however becomes stronger the shorter the mean free path gets and the effect is more emphasized for high frequencies.
There are several trapped flux measurements at 1.3 GHz with a base material of RRR 300 which where baked at 120
• or nitrogen doped [10] . Both treatments result in a drastic reduction of surface RRR. The measured trapped flux sensitivity of both cavities is significantly higher compared to what would be expected from either Eq. 1 or Eq. 7. Recent findings suggest that the 120
• baking as well as the nitrogen doping reduces or even prohibits the formation of nanohydrides which most likely act as pinning centers [18, 22] . Moreover, it is suggested that the size of the nanohydrides is reduced. Assuming nanohydrides to be pinning centers, our model supports a reduced pinning center size: An agreement with the measurements can be obtained for a relative pinning center size of 0.08 for the N doping and 0.31 for the 120
• baking. The relative pinning center size can also be estimated from measurements with the Quadrupole Resonator which allows measurements of the surface resistance for 400 MHz, 800 MHz and 1200 MHz with the same field configuration. The full description of the set-up, the measurement method and parameter range can be found elsewhere [11] . Recent upgrades allow applying a dc magnetic field to the sample under test. The field strength is measured with a cryogenic magnetic field probe (Mag-01H [3] ). In a dedicated test, a reactor grade bulk Nb sample with RRR 47 was cooled down in different ambient fields and the surface resistance was measured at 2.5 K and low RF field (≈ 10 mT). For each trapped field, the surface resistance was measured at each of the three resonant frequencies (400 MHz, 800 MHz and 1200 MHz). In this way, the trapped flux sensitivity was derived as function of frequency and is plotted in Fig. 7 . The relative pinning center size can now be fitted using Eq. 7. We find excellent agreement for p = (2.8 ± 0.1). The rel- atively bigger pinning center size for this sample appears plausible as the base material is reactor grade niobium. This is in contrast to measurements on cavities where the base material was of high quality and the mean free path was shortened due to diffusion processes of dissolved gases upon baking. Our measurement supports therefore the validity of Eq. 7 and the assumptions made.
IV. SUMMARY AND CONCLUSION
Depinning of trapped vortices has to be considered when predictions for the trapped flux sensitivity of SRF cavities should be made. The depinning efficiency depends on the size of the pinning centers and the RF frequency. Trapped flux measurements on a low frequency and medium RRR cavity allowed deriving the according depinning frequency which can be scaled to other RRR values. On this basis we propose an extended model for describing the additional losses due to trapped flux. To date, only the losses in the normal core due to the skin effect have been taken into account. We account additionally for depinning which depends on the RRR, operation frequency and the pinning center size as well as for the trapping efficiency. The predictions made are in good agreement with our measurements and measurements done at other labs covering a variety of frequency, RRR and treatment combinations. Moreover, the model offers an explanation why cavities with short mean free path are much more sensitive to trapped flux than the simple model suggests.
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